In this paper we present a self-contained combinatorial proof of the lower bound theorem for normal pseudomanifolds, including a treatment of the cases of equality in this theorem. We also discuss McMullen and Walkup's generalised lower bound conjecture for triangulated spheres in the context of the lower bound theorem. Finally, we pose a new lower bound conjecture for non-simply connected triangulated manifolds.
Introduction
The lower bound theorem (LBT) provides the best possible lower bound for the number of faces of each dimension (in terms of the dimension and the number of vertices) for any normal pseudomanifold. When the dimension is at least three, equality holds precisely for stacked spheres.
Walkup, Barnette, Klee, Gromov, Kalai and Tay proved various special cases of the LBT, with Tay providing the first proof in the entire class of normal pseudomanifolds (cf. [3, 8, 10, 11, 14, 15] ). However, Tay's proof rests on Kalai's, and that in turn depends on the theory of rigidity of frameworks.
Kalai showed in [10] that for d ≥ 3, the edge graph of any connected triangulated d-manifold without boundary is "generically (d + 1)-rigid" in the sense of rigidity of frameworks. Namely, a particular embedding of a graph in the (d + 1)-dimensional Euclidean space is rigid if it can't be moved to a nearby embedding without distorting the edge-lengths (except trivially by bodily moving the entire embedded graph by applying a rigid motion of the ambient space). A graph is generically (d + 1)-rigid if the set of its rigid embeddings in (d + 1)-space is a dense open subspace in the space of all its embeddings. The LBT for triangulated manifolds without boundary is an immediate consequence of Kalai's rigidity theorem. Kalai also used these ideas to settle the equality case of LBT. Actually, he proved this theorem in the somewhat larger class of normal pseudomanifolds whose twodimensional links are spheres. In [14] , Tay showed that Kalai's argument extends almost effortlessly to the class of all normal pseudomanifolds. This class has the advantage of being closed under taking links, so that an induction on dimension is facilitated. Further, the so called M-P-W reduction (after McMullen, Perles and Walkup) works in a link-closed class of pseudomanifolds and this reduces the proof of the general LBT to proving the lower bound only for the number of edges.
The beautiful application of the LBT found in [2] led us to take a close look at Kalai's proof. However, we found it difficult to follow Kalai's proof in its totality because of our lack of familiarity with the rigidity theory of frameworks, which in turn is heavily dependent on analytic considerations that seem foreign to the questions at hand. We have reasons to suspect that many experts in Combinatorial Topology share our discomfort. For instance, in a relatively recent paper [5] , Blind and Blind present a combinatorial proof of the LBT in the class of polytopal spheres, even though much more general versions were available. These authors motivate their paper by stating that "no elementary proof of the LBT including the case of equality is known so far". One objective of this paper is to rectify this situation. It may be noted that Blind and Blind use the notion of shelling to prove the LBT for polytopal spheres. Shelling orders do not exist in general triangulated spheres (let alone normal pseudomanifolds), so that the proof presented here is of necessity very different.
A pointer to a combinatorial proof of LBT for triangulated closed manifolds was given by Gromov in [8, pages 211-212] . There he introduced a combinatorial analogue of rigidity (which we call Gromov-rigidity, or simply rigidity in this paper) and sketched an induction argument on the dimension to show that triangulated d-manifolds without boundary are (d + 1)-rigid in his sense for d ≥ 2. However, there was an error at the starting point d = 2 of his argument. Reportedly, Connelly and Whiteley filled this gap, but it seems that their work remained unpublished. In [14] , Tay gave a proof of Gromov 3-rigidity of 2-manifolds. Here we present an independent proof of this result, based on the notion of generalised bistellar moves introduced below. It is easy to see that if all the vertex-links of a d-pseudomanifold are Gromov d-rigid, then the d-pseudomanifold is (d + 1)-rigid in the sense of Gromov. Therefore, (d + 1)-rigidity of d-dimensional normal pseudomanifolds follows. Now, it is an easy consequence of Gromov's definition that any n-vertex (d+1)-rigid simplicial complex of dimension d satisfies the lower bound (d + 1)n − d+2 2 on its number of edges, as predicted by LBT. However, Gromov himself never considered the case of equality in LBT. Here we refine Gromov's theory to tackle the case of equality. It may be pointed out that in the concluding remark of [10] , Kalai suggested that it should be possible to prove his theorem using Gromov's ideas. However, the details of such an elementary argument were never worked out in the intervening twenty years. It is true that Tay uses Gromov's definition of rigidity in his proofs. But, to tackle the case of equality, Tay shows that when equality holds in LBT for a normal pseudomanifold, it must actually be a triangulated manifold, so that Kalai's initial argument (based on rigidity of frameworks) applies.
We should note that the notion of generic rigidity pertains primarily to graphs and Kalai calls a simplicial complex generically q-rigid if its edge graph is generically q-rigid. On the other hand, Gromov's definition pertains to simplicial complexes. For this reason, it is not possible to compare these two notions in general. However, such a comparison is possible when the dimension d of the simplicial complex is ≥ q − 1 (and we are interested in the case d = q − 1). In these cases, Gromov's notion of rigidity is weaker than the notion of generic rigidity. From the theory of rigidity of frameworks, it is known that if an n-vertex graph G is minimally generically q-rigid (i.e., G is generically q-rigid but no proper spanning subgraph of G is generically q-rigid) then either G is a complete graph on at most q + 1 vertices, or else G has n ≥ q + 1 vertices and has exactly nq − q+1 2 edges, and any induced subgraph of G (say, with p ≥ q vertices) has at most pq − q+1 2 edges (cf. [7] . By a theorem of Laman, this fact characterizes minimally generically q-rigid graphs for q ≤ 2). Using this result, it is easy to deduce that generic q-rigidity (of the edge graph) implies Gromov's q-rigidity for any simplicial complex of dimension ≥ q − 1.
Apart from the pedagogic/esthetic reason for providing an elementary proof of the LBT for normal pseudomanifolds (surely an elementary statement deserves an elementary proof!), we also hope that the arguments developed here should extend to yield a proof of the generalised lower bound conjecture (GLBC) for triangulated spheres. Stanley [13] proved this conjecture for polytopal spheres using heavy algebraic tools, but the general case of this conjecture due to McMullen and Walkup [12] remains unproved. Even in Stanley's result, the characterisation of the equality case remains to be done. This paper is organized as follows. In Section 2, we give the preliminary definitions, including an explanation of most of the technical terms used in this introduction. In the next four sections, we develop the necessary tools for our proofs. Section 3 provides a combinatorial version of the topological operations of cutting or pasting handles and of connected sums. These combinatorial operations were introduced by Walkup in [15] . However, the precise combinatorics of these operations was never worked out. Section 4 introduces the main actors in the game of LBT's, namely stacked spheres and stacked balls. We also present some elementary but useful results on these objects. These are mostly well known, at least to experts. In Section 5, we introduce the notion of generalized bistellar moves (GBM) and establish their elementary properties. As the name suggests, this is a generalization of the usual notion of bistellar moves. It is also shown that any n-vertex triangulated 2-sphere (with n > 4) is obtained from an (n − 1)-vertex triangulated 2-sphere by a GBM. More generally, we show that any triangulated orientable 2-manifold (without boundary) X is either the connected sum of two smaller objects of the same sort, or it is obtained from a similar object of smaller genus by pasting a handle, or else it may be obtained by a GBM from a triangulation X of the same manifold using one less vertex. (We wonder if similar results are true for triangulated 3-manifolds.) These results for triangulated 2-manifolds without boundary are used to give an inductive proof of their Gromov 3-rigidity in Section 7. Section 6 contains the general theory of Gromov-rigidity, including a careful treatment of the minimal situations. In Section 7, we prove the Gromov (d + 1)-rigidity of normal d-pseudomanifolds, and show that for d > 2 the minimally Gromov (d + 1)-rigid normal pseudomanifolds are precisely the stacked d-spheres. As already indicated, the proof is an induction on d. Cutting handles plays an important role here. In Section 8, we describe the M-P-W reduction and use it to prove the LBT for normal pseudomanifolds. In the concluding section, we state and discuss the GLBC in a form which brings out its similarity with the LBT (which is the case k = 1 of the GLBC). Included in this section is a discussion of the k-stacked spheres which are expected to play a role in the GLBC similar to the role played by the stacked spheres in LBT. We conclude by posing a new lower bound conjecture for non-simply connected triangulated manifolds.
Preliminaries
Recall that a simplicial complex is a set of finite sets such that every subset of an element is also an element. For i ≥ 0, an element of size i + 1 is called a face of dimension i (or an iface) of the complex. By convention, the empty set is a face of dimension −1. All simplicial complexes which appear in this paper are finite. The dimension of a simplicial complex X (denoted by dim (X) ) is by definition the maximum of the dimensions of its faces. The 1-dimensional faces of a simplicial complex are also called the edges of the complex. V (X) denotes the set of vertices of a complex X and is called the vertex-set of X.
For a simplicial complex X, |X| is the set of all functions f :
(Such a function f may be thought of as a convex combination of the Dirac delta-functions δ x as x ranges over the face support(f ).) As a subset of the topological space [0, 1] V (X) , |X| inherits the subspace topology. The topological space |X| thus obtained is called the geometric carrier of X. If |X| is a manifold (with or without boundary) then X is said to be a triangulated manifold, or a triangulation of the manifold |X|.
A graph is a simplicial complex of dimension at most 1. A set of vertices of a graph G is said to be a clique of G if any two of these vertices are adjacent in G (i.e., form an edge of G). For a general simplicial complex X, the edge graph (or 1-skeleton) G(X) of X is the subcomplex of X consisting of all its faces of dimensions ≤ 1. (More generally, for 0 ≤ k ≤ dim(X), the k-skeleton skel k (X) of X is the subcomplex consisting of all the faces of X of dimension ≤ k.) Notice that each face of X is a clique in the graph G (X) . For a face α of X, the simplicial complement C(α, X) is called the antistar of α, and is denoted by ast(α). Thus, ast(α) is the subcomplex of X consisting of all faces disjoint from α. The link of α in X, denoted by lk(α) (or lk X (α)) is the subcomplex of ast(α) consisting of all faces β such that α ⊔ β ∈ X. For a vertex v of X, the cone v * lk X (v) is called the star of v in X and is denoted by star(v) (or star X (v)).
A d-dimensional simplicial complex X is said to be pure if all the maximal faces of X have dimension d. The maximal faces in a pure simplicial complex are called its facets. The facet graph Λ(X) of a pure d-dimensional simplicial complex X is the graph whose vertices are the facets of X, two such vertices being adjacent in Λ(X) if the corresponding facets intersect in a (d − 1)-face.
A simplicial complex X is said to be connected if |X| is connected. Notice that X is connected if and only if its edge graph G(X) is connected (i.e., any two vertices of X are the end vertices of a path in G(X)). A pure simplicial complex X is said to be strongly connected if its facet graph Λ(X) is connected. The connected components of X are the maximal connected subcomplex of X. The strong components of X are the maximal pure subcomplexes of dimension d = dim(X) which are strongly connected. Notice that the connected components are vertex-disjoint, while the strong components may have faces of codimension two or more in common.
For Proof. Let X be a normal pseudomanifold of dimension d ≥ 1. We have to show that its facet graph Λ(X) is connected. If not, choose two facets σ 1 , σ 2 from different components of Λ(X) for which dim( Proof. Take a vertex x outside X and set X = X ∪ (x * ∂X). Clearly X is a weak pseudomanifold without boundary. Since ∂X = lk X (x), the result follows. A simplicial complex X is called a combinatorial d-sphere (respectively, combinatorial d-ball ) if |X| (with the induced pl structure from X) is pl homeomorphic to
If α is a face of a simplicial complex X, then the number of vertices in lk X (α) is called the degree of α in X and is denoted by deg X (α) (or deg(α)). So, the degree of a vertex v in X is the same as the degree of v in the edge graph G(X). Since the link of an i-face α in a d-dimensional weak pseudomanifold X without boundary is a (
As is well known, χ(X) is a topological invariant, i.e., it depends only on the homeomorphic type of |X|.
3 Cutting and pasting handles Definition 3.1. Let σ 1 , σ 2 be two facets in a pure simplicial complex X. Let ψ : σ 1 → σ 2 be a bijection. We shall say that ψ is admissible if (ψ is a bijection and) the distance between x and ψ(x) in the edge graph of X is ≥ 3 for each x ∈ σ 1 (i.e., if every path in the edge graph joining x to ψ(x) has length ≥ 3). Notice that if σ 1 , σ 2 are from different connected components of X then any bijection between them is admissible. Also note that, in general, for the existence of an admissible map ψ : σ 1 → σ 2 , the facets σ 1 and σ 2 must be disjoint. Definition 3.2. Let X be a weak pseudomanifold with disjoint facets σ 1 , σ 2 . Let ψ: σ 1 → σ 2 be an admissible bijection. Let X ψ denote the weak pseudomanifold obtained from X \{σ 1 , σ 2 } by identifying x with ψ(x) for each x ∈ σ 1 . Then X ψ is said to be obtained from X by an elementary handle addition. If X 1 , X 2 are two d-dimensional weak pseudomanifolds with disjoint vertex-sets, σ i a facet of X i (i = 1, 2) and ψ: σ 1 → σ 2 any bijection, then (X 1 ⊔ X 2 ) ψ is called an elementary connected sum of X 1 and X 2 , and is denoted by X 1 # ψ X 2 (or simply by X 1 #X 2 ). Note that the combinatorial type of X 1 # ψ X 2 depends on the choice of the bijection ψ. However, when X 1 , X 2 are connected triangulated d-manifolds, |X 1 # ψ X 2 | is the topological connected sum of |X 1 | and |X 2 | (taken with appropriate orientations). Thus, X 1 # ψ X 2 is a triangulated manifold whenever X 1 , X 2 are triangulated d-manifolds. Proof. Part (a) is trivial if d = 1 (in which case, N = S 0 2 and M = S 1 n ). So, assume d > 1 and we have the result for smaller dimensions. Clearly, there is a path P (in the edge graph of M ) joining u to v such that P = x 1 x 2 · · · x k y 1 · · · y l where x 1 = u, y l = v and x i 's are the only vertices of P from N . Choose k to be the smallest possible. We claim that k = 1, so that the result follows. If not, then
. Then, by induction hypothesis, there is a path Q in lk M (x k ) joining x k−1 and y 1 in which x k−1 is the only vertex from lk N (x k ). Replacing the part x k−1 x k y 1 of P by the path Q, we get a path P ′ from u to v where only the first k − 1 vertices of P ′ are from N . This contradicts the choice of k. Proof. Let E = V (G) be the set of edges of M with exactly one end in A. For x ∈ A, set E x = {e ∈ E : x ∈ e}, and let
. Therefore, by Lemma 3.1 (b), G x has at most two components for each x ∈ A. Also, for an edge
there is a vertex u ∈ σ \ A. Then e 1 = xu ∈ E x and e 2 = yu ∈ E y are adjacent in G. Thus, if x, y are adjacent vertices in M [A] then there is an edge of G between E x and E y . Since M [A] is connected and V (G) = ∪ x∈A E x , it follows that G has at most two connected components.
Now suppose S = M [A] is two-sided in M . Let U be a tubular neighbourhood of |S| in |M | such that U \ |S| has two components, say U + and U − . Since |S| is compact, we can choose U sufficiently small so that U does not contain any vertex from V (M ) \ A. Then, for e ∈ E, |e| meets either U + or U − but not both. Put E ± = {e ∈ E : |e| ∩ U ± = ∅}. Then no element of E + is adjacent in G with any element of E − . From the previous argument, one sees that each x ∈ A is in an edge from E + and in an edge from E − . Thus, both E + and E − are non-empty. So, G is disconnected. 
Proof. As above, let E be the set of all edges of X with exactly one end in S. Let E + and E − be the connected components of the graph G (with vertex-set E) defined above (cf. Lemma 3.2). Notice that if a facet σ intersects V (S) then σ contains edges from E, and the graph G induces a connected subgraph on the set E σ = {e ∈ E : e ⊆ σ}. (Indeed, this subgraph is the line graph of a complete bipartite graph.) Consequently, either E σ ⊆ E + or E σ ⊆ E − . Accordingly, we say that the facet σ is positive or negative (relative to S). If a facet σ of X does not intersect V (S) then we shall say that σ is a neutral facet. Let V (S) = W and V (X)\V (S) = U . Take two disjoint sets W + and W − , both disjoint from U , together with two bijections f ± : W → W ± . We define a pure simplicial complex X as follows. The vertex-set of X is U ⊔ W + ⊔ W − . The facets of X are: (i) W + , W − , (ii) all the neutral facets of X, (iii) for each positive facet σ of X, the set σ := (σ ∩ U ) ⊔ f + (σ ∩ W ), and (iv) for each negative facet τ of X, the set τ :
It is easy to see that ψ is admissible and X = ( X) ψ .
Since the links of faces of dimension up to d − 2 in X are connected, it follows that the links of faces of dimension up to d − 2 in X are connected. This proves (a).
As X is connected, choosing two vertices f ± (x 0 ) ∈ W ± of X, one sees that each vertex of X is joined by a path in the edge graph of X to either f + (x 0 ) or f − (x 0 ). Hence X has at most two components. This proves (b). This arguments also shows that when X is disconnected, W + and W − are facets in different components of X. Hence (c) follows.
Observe that C(S, X) = C(W + ⊔ W − , X). Assume that C(S, X) is connected. Now, for any (d − 1)-simplex τ ⊆ W + , there is a vertex x in C(S, X) such that τ ∪ {x} is a facet of X. So, C(S, X) and W + are in the same connected component of X. Similarly, C(S, X) and W − are in the same connected component of X. This proves (d).
2
d+1 in a normal d-pseudomanifold X, then the pure simplicial complex X constructed above is said to be obtained from X by an elementary handle deletion over S.
Remark 3.1. In Lemma 3.3, if X is a triangulated manifold then it is easy to see that X is also a triangulated manifold. 6 is an S 1 3 . But, it is not possible to obtain a triangulated 2-manifold M by deleting the handle over this S 1 3 . Such a 2-manifold would have face vector (9, 18, 12) and hence Euler characteristic χ = 3. But, arguing as in the proof of Lemma 3.3 (d), one can see that M must be connected -and any connected closed 2-manifold has Euler characteristic ≤ 2, a contradiction. Thus the hypothesis "two-sided" in Definition 3.3 is essential. Indeed, in this example, the graph G of Lemma 3.2 is connected: it is a 9-gon. Proof. We prove the result by induction on the number n of vertices of X. If n = d+2 then
Stacked spheres
d+2 , so that the result is obviously true. So assume that n > d + 2 and the result is true for (n − 1)-vertex stacked d-spheres. Let x be a vertex of degree d + 1 in X, and let X 0 be the (n − 1)-vertex stacked d-sphere obtained from X by collapsing the vertex x. Note that, since d ≥ 2, the edge graph G 0 of X 0 is the induced subgraph on the vertex-set V (G 0 ) = V (G) \ {x}, and G may be recovered from G 0 by adding the vertex x and making it adjacent to the vertices in a (d + 1)-clique σ of G 0 (which formed a facet of 
Part (a) now follows from the fact that the Euler characteristic of a connected closed 2-manifold M is ≤ 2 and equality holds if and only if M is a 2-sphere. We prove Part (b) by induction on the number n ≥ d + 3 of vertices in X 1 #X 2 . If n = d + 3 then both X 1 , X 2 must be standard d-spheres (hence stacked spheres) and then
d+1 is easily seen to be a stacked sphere. So, assume n > d + 3, so that at least one of X 1 , X 2 is not the standard d-sphere. Without loss of generality, say X 1 is not the standard d-sphere. Of course, X = X 1 #X 2 is not a standard d-sphere. Let X be obtained from X 1 ⊔ X 2 \ {σ 1 , σ 2 } by identifying a facet σ 1 of X 1 with a facet σ 2 of X 2 by some bijection. Then, σ 1 = σ 2 is a clique in the edge graph of X, though it is not a facet of X. Notice that a vertex x ∈ V (X 1 ) \ σ 1 is of degree d + 1 in X 1 if and only if it is of degree d + 1 in X. If either X 1 is a stacked sphere or X is a stacked sphere then, by Lemma 4.3, such a vertex x exists. Let X 1 (respectively, X) be obtained from X 1 (respectively, X) by collapsing this vertex x. Notice that X = X 1 #X 2 . Therefore, by induction hypothesis and Lemma 4.4, we have: X is a stacked sphere ⇐⇒ X is a stacked sphere ⇐⇒ both X 1 and X 2 are stacked spheres ⇐⇒ both X 1 and X 2 are stacked spheres. Proof. For a vertex v of X, letv denote the corresponding vertex of X ψ . Observe that
The results now follow from Lemma 4.8. 2
Notice that, Lemma 4.5 says that all stacked d-spheres belong to the class K(d). Indeed, we have the following characterization of stacked spheres of dimension ≥ 4. This is essentially a result from Kalai [10] . d+1 on σ ∪ {x}. In other words, the claim is that σ ∈ X.
Choose any vertex y ∈ σ, and let σ ′ = (σ ∪ {x}) \ {y}. Since lk X (x) and lk X (x) have the same (d − 2)-skeleton and σ is a (d − 1)-face of the latter, it follows that every proper subset of σ ′ ∪ {y} = σ ∪ {x} which contains x is a face of X. Since d ≥ 4, it follows in particular that σ ′ is a clique of the edge graph of lk X (y). Hence σ ′ ∈ lk X (y). Thus every proper subset of σ ′ is in lk X (y). Since σ ⊂ σ ′ ∪ {y} and y ∈ σ, it follows that σ ∈ X. Proof. If X is a stacked sphere of dimension d ≥ 2 then X is simply connected and X ∈ K(d) by Lemma 4.5. Conversely, let X ∈ K(d) be simply connected and d ≥ 4. We prove that X is a stacked sphere by induction on the number n of vertices of X.
is a stacked sphere. So, assume n > d + 2, and we have the result for all smaller values of n. Now, take an induced standard (d − 1)-sphere S in X (Lemma 4.10). Let X be obtained from X by deleting the handle over S (Lemma 3.3) . Clearly, since X is simply connected, X must be disconnected. If X 1 , X 2 are the connected components of X, then we have X = X 1 #X 2 . Clearly, X 1 , X 2 are also simply connected. Also, by Lemma 4.9 (b), X 1 , X 2 ∈ K(d). Hence by the induction hypothesis, X 1 , X 2 are stacked spheres. Therefore, by Lemma 4.8, X is a stacked sphere.
We shall not use this theorem in what follows. It is included only for completeness.
Generalized bistellar moves (GBMs)
Definition 5.1. Let X be a d-dimensional weak pseudomanifold. Let B 1 , B 2 be two combinatorial d-balls such that B 1 is a subcomplex of X and
is said to be obtained from X by a generalised bistellar move (GBM) with respect to the pair (
If τ ∈ ∂B 1 = ∂B 2 then τ is in one facet in X \B 1 = X \B 2 and in one facet in B 2 .] Notice that we then have ∂B 2 = ∂B 1 = B 1 ∩ X, and X is obtained from X by the (reverse) generalised bistellar move with respect to the pair (B 2 , B 1 ). In case both B 1 and B 2 are d-balls with at most d + 2 vertices (and hence at least one has d + 2 vertices) then this construction reduces to the usual bistellar move. Clearly, if X is obtained from X by a generalised bistellar move then | X| is homeomorphic to |X| and if the dimension of X is at most 3 then | X| is pl homeomorphic to |X|.
Lemma 5.1. If X is obtained from X by a GBM, then X is a normal pseudomanifold if and only if X is a normal pseudomanifold.
Proof. Let X be a normal pseudomanifold. We prove that X is a normal pseudomanifold by induction on the dimension d of X. If d = 1 then the result is trivial. Assume that the result is true for all normal pseudomanifolds of dimension < d and X is a normal pseudomanifold of dimension d ≥ 2. Let X be obtained from X by a GBM with respect to the pair (B 1 , B 2 ). Since X is connected, it follows that X is connected. We have observed that X is a weak pseudomanifold. Let α be a face of dimension at most d−2. If α ∈ B 2 \∂B 2 then lk X (α) = lk B 2 (α) is connected. If α ∈ X \ B 2 then lk X (α) = lk X (α) is connected. If α ∈ ∂B 1 = ∂B 2 then lk X (α) is obtained from lk X (α) by the GBM with respect to the pair (lk B 1 (α), lk B 2 (α)). Since lk X (α) is a normal pseudomanifold of dimension < d, by induction hypothesis, lk X (α) is a normal pseudomanifold. In particular, lk X (α) is connected. This implies that X is a normal pseudomanifold. Since X is obtained from X by the reverse GBM, the converse follows. 2
Lemma 5.2. Let X be an n-vertex connected oriented triangulated 2-manifold. Then one of the following four cases must arise :
by the GBM with respect to the pair (B u , star X (u)).
Proof. Assume that X = S 2 4 . Take a vertex x of X. If lk X (x) has a diagonal yz which is an edge of X, then the set {x, y, z} induces an S 1 3 in X. Since X is orientable, this S 1 3 is two sided. Let Y be obtained from X by a handle deletion over this Finally, assume that none of the diagonals of the cycle lk X (x) are edges of X for each x ∈ V (X). Then, for each x ∈ V (X), X is obtained from an (n − 1)-vertex triangulated 2-manifold Y by a GBM with respect to (B x , star X (x)), where B x is any 2-ball with V (B x ) = V (lk X (x)) and ∂B x = lk X (x). Then we are in the Case (iv) of the lemma. 2
Remark 5.1. Lemma 5.2 shows, in particular, that any minimal triangulation of a connected, orientable 2-manifold of positive genus must arise as the connected sum of two triangulated 2-manifolds or by handle addition over a triangulated 2-manifold of smaller genus. This fact should be useful in the explicit classification of minimal triangulations of orientable 2-manifolds of small genus. Lemma 5.2 also shows that any triangulated 2-sphere on n (> 4) vertices arises from an (n − 1)-vertex triangulated 2-sphere by a GBM. This should help in simplifying the existing classifications and obtaining new classifications of triangulated 2-spheres with few vertices.
Gromov's combinatorial notion of rigidity
Throughout this section, we use the following definition due to Gromov (except that Gromov does not include connectedness as a requirement for rigidity; but it seems anathema to call a disconnected object rigid!). Thus q-rigidity hitherto refers to Gromov's q-rigidity, without further mention.
Definition 6.1. Let X be a d-dimensional simplicial complex and q be a positive integer. We shall say that X is q-rigid if X is connected and, for any set A ⊆ V (X) which is disjoint from at least one d-face of X, the number of edges of X intersecting A is ≥ mq, where m = #(A).
Proof. Let e be the number of edges of X. Fix a d-face σ of X and put
Definition 6.2. Let X be an n-vertex d-dimensional simplicial complex and q a positive integer. We shall say that X is minimally q-rigid if X is q-rigid and has exactly (
edges (i.e., if the lower bound in Lemma 6.1 is attained by X).
Lemma 6.2. A connected simplicial complex is q-rigid if and only if the cone over it is (q + 1)-rigid. It is minimally q-rigid if and only if the cone over it is minimally (q + 1)-rigid.
Proof. Let X be an n-vertex d-dimensional simplicial complex and C(X) = x * X be the cone over X with cone-vertex x. Note that all the (d + 1)-faces of C(X) pass through x, so that A ⊆ V (C(X)) is disjoint from a (d + 1)-face if and only if A ⊆ V (X) and A is disjoint from a d-face of X. Also C(X) has exactly m = #(A) more edges than X which intersect A (viz., the edges joining x with the vertices of A). In consequence, the number of edges of X intersecting A is ≥ mq if and only if the number of edges of C(X) intersecting A is ≥ m(q + 1). This proves the first part. The second part follows since C(X) has one more vertex and n more edges than X. 2 Lemma 6.3. Let X 1 , X 2 be subcomplexes of a simplicial complex X such that X = X 1 ∪X 2 and dim(X 1 ∩ X 2 ) = dim (X) . If X 1 , X 2 are both q-rigid then X is q-rigid. If, further, X is minimally q rigid then both X 1 , X 2 are minimally q-rigid.
Proof. Since X 1 , X 2 are both connected, our assumption implies that X is connected.
). Since, X 1 , X 2 are q-rigid, we have at least m 1 q edges of X 1 meeting A 1 and at least m 2 q edges of X 2 meeting A 2 . Also, as V (X 1 ) and A 2 are disjoint, no edge of X 1 meets A 2 . Therefore, we have at least m 1 q + m 2 q = mq distinct edges of X meeting A. This proves that X is q-rigid. Now, if X is minimally q-rigid, then taking A to be the complement in V (X) of a d-face of X 1 , one gets exactly mq edges of X meeting A. Since we have equality in the above argument, it follows that exactly m 1 q edges of X 1 intersect A 1 = A ∩ V (X 1 ). Since A 1 is the complement in V (X 1 ) of a d-face of X 1 , this shows that X 1 is then minimally q-rigid. Since the assumptions are symmetric in X 1 and X 2 , in this case X 2 is also minimally q-rigid. 2 Lemma 6.4. Let {X α : α ∈ I} be a finite family of q-rigid subcomplexes of a simplicial complex X. Suppose there is a connected graph H with vertex set I such that whenever α, β ∈ I are adjacent in H, we have dim(X α ∩ X β ) = dim (X) . Also suppose ∪ α∈I X α = X. Then X is q-rigid. If, further, X is minimally q-rigid, then each X α is minimally q-rigid.
Proof. Induction on #(I). If #(I) = 1 then the result is trivial. For #(I) = 2, the result is just Lemma 6.3. So suppose #(I) > 2 and we have the result for smaller values of #(I). Since H is a connected graph, there is α 0 ∈ I such that the induced subgraph of H on the vertex set I \ {α 0 } is connected (for instance, one may take α 0 to be an end vertex of a spanning tree in H). Applying the induction hypothesis to the family {X α : α = α 0 }, one gets that (X) ), induction hypothesis (or Lemma 6.3) implies that X is q-rigid. Now, if X is minimally q-rigid then, by Lemma 6.3, so are Y 1 and Y 2 . Since Y 1 is minimally q-rigid, induction hypothesis then implies that X α is minimally q-rigid for α = α 0 (and also for α = α 0 since X α 0 = Y 2 ). Proof. Let I = V (X) and H be the edge graph of X. Since X is connected, so is H. Proof. Since X 1 , X 2 are both connected, so is X 1 #X 2 . Let σ i be a facet of X i (i = 1, 2) and f : σ 1 → σ 2 be a bijection, such that X = X 1 #X 2 is obtained from X 1 ⊔X 2 \{σ 1 , σ 2 } via an identification through f . We view V (X i ) as a subset of V (X) in the obvious fashion. Put Proof. Let Y = X ψ , where ψ: σ 1 → σ 2 is an admissible bijection between two disjoint facets σ 1 , σ 2 of X. Thus Y is obtained from X \ {σ 1 , σ 2 } by identifying x with ψ(x) for each x ∈ σ 1 (cf. Definition 3.2). Let's identify V (Y ) with V (X) \ σ 2 via the quotient map 
Proof. Take any set A ⊆ V (X) which is disjoint from at least one 2-face σ of X. Say #(A) = m. Fix a vertex x ∈ A, say of degree k. Take a 2-ball B with vertex set V (B) = V (lk(x)) as in the hypothesis. Note that B is a k-vertex 2-ball with k edges in the boundary (viz., the edges of lk X (x)), hence it has k − 3 edges in the interior: these are not edges of X. By assumption X x = (X \ st(x)) ∪ B is 3-rigid, so that at least 3(m − 1) edges of X x intersect A, and hence also A. Of these edges, at most k − 3 edges are not in X. Thus at least 3(m − 1) − (k − 3) edges of X (not passing through x) meet A. Also, all the k edges of X through x meet A. Thus we have a total of at least 3(m − 1)
Lemma 7.1. Let X be a 2-dimensional normal pseudomanifold. Then X is 3-rigid. X is minimally 3-rigid if and only if X is a triangulated 2-sphere.
Proof. Since X is 2-dimensional normal pseudomanifold, it follows that X is a connected triangulated 2-manifold. First assume that X is orientable. Recall that the connected orientable closed 2-manifolds are classified up to homeomorphism by their genus g. The genus is related to the Euler characteristic χ by the formula χ = 2 − 2g. With any X as above, we associate the parameter (g, n), where g is the genus of |X| and n is the number of vertices of X. Let's well order the collection of all possible parameters by the lexicographic order ≺. That is, (g 1 , n 1 ) ≺ (g 2 , n 2 ) if either g 1 < g 2 or else g 1 = g 2 and n 1 < n 2 . We prove the 3-rigidity of X by induction with respect to ≺. Notice that the smallest parameter is (0, 4) corresponding to X = S 2 4 , which is trivially 3-rigid. This starts the induction. If (g, n) ≻ (0, 4), then X is as in Case (ii), (iii) or (iv) of Lemma 5.2.
If X is as in (ii), then X = X 1 #X 2 where X 1 , X 2 are connected orientable 2-manifold with small parameters. Hence by induction hypothesis, X 1 , X 2 are 3-rigid. Hence by Lemma 6.6, X is 3-rigid. If X is as in Case (iii), then X is obtained from a connected orientable triangulated 2-manifold Y of smaller genus, by elementary handle addition. By induction hypothesis, Y is 3-rigid, and hence by Lemma 6.7, X is 3-rigid. If X is as in Case (iv) of Lemma 5.2, then it satisfies the hypothesis of Lemma 6.8, and hence is 3-rigid. This completes the induction. Now suppose X is non-orientable. Let X be the orientable double cover of X. By the above, X is 3-rigid. Since the covering map V ( X) → V (X) is a two-to-one simplicial map, it is immediate that X is 3-rigid.
Finally, X is minimally 3-rigid ⇐⇒ number of edges in X is 3(n − 2) ⇐⇒ the Euler characteristic of X is 2 ⇐⇒ X is a triangulated 2-sphere.
2 Proof. Let I = V (X) and let H be the edge graph of X. For α ∈ I, let H α be the induced subgraph of H on the vertex-set V (lk(α)) and put X α = st(α) ∪ H α . By Lemma 6.2 and Theorem 7.1, st(α) is (d + 1)-rigid and hence so is X α . Thus {X α : α ∈ I} satisfies the hypothesis of Lemma 6.4. Since X is minimally (d+ 1)-rigid, it follows that X α is minimally
Therefore, X α and st(α) have the same edge graph. That is, H α ⊆ st(α). Thus, each clique of size ≤ 3 through α is a face of X. Since this holds for each α ∈ I, it follows that each clique of size ≤ 3 in H is a face of X. Now, by an induction on k, one sees that for k ≤ d, any k-clique of H is a face of X: if C is a k-clique (and k ≥ 4 and hence d ≥ 4), then for any x ∈ C, C \ {x} is a (k − 1)-clique of lk(x) and dim(lk(x)) = d − 1 ≥ 3. Therefore, C \ {x} is a face of lk(x) and hence C is a face of X. Proof. If we have the result for d = 3 then the result follows for all d ≥ 3 by a trivial induction on dimension (using the second statement in Proposition 7.1). So, we may assume d = 3. Let n ≥ 5 be the number of vertices of X. Since X is minimally 4-rigid, it has 4n − 10 edges and hence the average degree of the vertices is 2(4n−10) n < 8. Therefore, X has a vertex x of degree ≤ 7. Then, by Lemmas 6.5 and 7.1, lk(x) is a triangulated 2-sphere on ≤ 7 vertices. If possible, suppose lk(x) has no vertex of degree 3. It is easy to see that up to isomorphism there are only two such S 2 , namely S 0 2 * S 1 m with m = 4 or 5. Thus lk(x) is one of these two spheres, say lk(x) = S 0 2 ({y, z}) * S 1 m (A). Since xyz is not a 2-face, by Lemma 7.2, yz is not an edge of X.
. Then X is obtained from X by a GBM. Hence X is a 3-dimensional normal pseudomanifold with n − 1 vertices and 4n − 10 − (m + 2) + 1 = 4n − 11 − m < 4(n − 1) − 10 edges (as m ≥ 4). This is impossible since X is 4-rigid by Proposition 7.1. This proves that lk(x) has a vertex y of degree 3. Then the vertex-set of st(xy) is a 5-clique. This completes the proof. Proof. By Theorem 7.1, all the vertex links are minimally 3-rigid. Therefore, by Lemma 7.1, X is a triangulated 3-manifold. Let the number of vertices in X be n. We wish to prove by induction on n that X must be a stacked 3-sphere. This is trivial for n = 5, so that we may assume that n > 5 and we have the result for smaller values of n. By Lemma 7.4, X contains a standard 2-sphere S as an induced subcomplex. Since S is a 2-sphere, S is two-sided in X. Let Y be the simplicial complex obtained from X by deleting the "handle" over S. Since X is a triangulated 3-manifold, by Lemma 4.9 (a), Y is a triangulated 3-manifold. Also, Y has n + 4 vertices and 4n − 10 + Let the number of vertices in X be n. We wish to prove by induction on n that X must be a stacked d-sphere. This is trivial for n = d + 2, so that we may assume that n > d + 2 and we have the result for smaller values of n.
By Lemma 7.4 (also by Lemma 4.10), X contains a standard (d − 1)-sphere S as an induced subcomplex. Since d > 3, S is two-sided in X. Let Y be the simplicial complex obtained from X by deleting the "handle" over S. Since X is in the class K . Since n 1 + n 2 = n + d + 1, n 1 > d + 1, n 2 > d + 1, it follows that n 1 < n, n 2 < n.
We end with a conjecture on non-simply connected triangulated manifolds. 2 ≥ f 1 ≥ (d + 1)f 0 , so that any such triangulation requires f 0 ≥ 2d + 3 vertices, and the triangulation must be 2-neighbourly when f 0 = 2d + 3. Indeed, in [2] , we proved that any non-simply connected triangulated d-manifold requires at least 2d + 3 vertices, and there is a unique such (2d + 3)-vertex triangulated d-manifold for d ≥ 3. It is 2-neighbourly, and does arise from a stacked sphere by an elementary handle addition. Thus, the main theorem of [2] would be a simple consequence of Conjecture 2. The special case f 0 = 2d + 4 of this conjecture was posed in [2] . In [15] , Walkup proved that this conjecture holds for d = 3.
